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Abstract
New approach is presented to search exact solutions of nonlinear
differential equations. This method is used to look for exact solutions
of the Korteveg – de Vries – Burgers equation. New exact solitary
waves of the Korteveg – de Vries – Burgers equation are found.
Keywords: exact solution, traveling wave, nonlinear differential equation,
Korteveg – de Vries – Burgers equation, simplest equation method.
PACS: 02.30.Hq - Ordinary differential equations
1 Introduction
At the present great interest has been expressed by searching exact solu-
tions of nonlinear differential equations. This is because many mathematical
models are described by nonlinear differential equations.
The inverse scattering transform [1] and the direct method by R. Hirota
[2] are known as impressive methods to look for solutions of exactly solvable
differential equations.
The singular manifold method [3–5], the transformation method [6,7] the
tanh-function method [8–11], the elliptic function method [12, 13], and the
Weierstrass function method [14,15] are useful in many applications to search
exact solutions of nonlinear partially solvable differential equations.
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In this letter we present new approach to search exact solutions of nonlin-
ear differential equations. The first advantage of our approach that this one
generalizes a number of known methods for searching exact solutions of non-
linear ordinary differential equations. The second advantage of the method
is simplicity of realization.
This letter has two parts. One of them is devoted to discussion of our
method. We apply our approach to look for new exact solutions of the
Korteveg – de Vries – Burgers equation in the second part.
2 Method applied
First of all let us discuss our approach in detail. Consider nonlinear ordinary
differential equation in the polynomial form
M [y] = 0 (2.1)
Assume we look for exact solutions of equation (2.1). Take nonlinear
ordinary differential equation of lesser order than equation (2.1)
E[Y ] = 0 (2.2)
We call any nonlinear ordinary differential equation (2.2) of lesser order than
(2.1) with known general solution as the simplest equation.
First example of the simplest equation is the Riccati equation
E[Y ] = Yz + Y
2 − aY − b = 0 (2.3)
We emphasize that the general solutions of equation (2.3) have first order
singularity. We are going to use this property of equations (2.3) later.
Suppose we have the relation between solutions of equations (2.1) and
(2.2)
y = F (Y ) (2.4)
In addition, suppose that substitution (2.4) into equation (2.1) leads to the
relation in the form
M [F (Y )] = AˆE[Y ] (2.5)
where Aˆ is a operator which we have to find.
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From relation (2.5) we can see that for any solution of the simplest equa-
tion (2.2) there exist a special solution of equation (2.1) by the formula (2.4).
To look for exact solutions of nonlinear ordinary differential equation (2.1)
in this letter we firstly introduce and use formula (2.4) in the form
y(z) = A0 + A1Y + A2Y
2 + . . .+ AnY
n+
+B1
(
Yz
Y
)
+B2
(
Yz
Y
)2
+ . . .+Bn
(
Yz
Y
)n (2.6)
where n is the singularity order of general solution of equation (2.1) and
Y (z) is the general solution of equation (2.3), coefficients Ak (k = 0, . . . , n)
and Bk (k = 1, . . . , n) are found after substitution of expression (2.6) into
equation (2.1). To find coefficients Ak (k = 0, . . . , n) and Bk (k = 1, . . . , n)
we take the following simple theorem into consideration.
Theorem 2.1. Let Y (z) be solution of equation (2.3) than equations
Yzz = 2Y
3 − 3aY 2 + (a2 − 2b)Y + ab (2.7)
Y
zzz
= −6 Y 4 + 12 Y 3a +
(
8 b− 7 a2
)
Y 2+(
−8 ab+ a3
)
Y − 2 b2 + a2b
(2.8)
have special solutions that are expressed via the general solution of equa-
tion (2.3).
Proof. Theorem 2.1 is proved by differentiation of (2.3) with respect to z
and substitution Yz from equation (2.3) into expressions obtained.
Substituting expression (2.6) into equation (2.1) and taking theorem 2.1
into account we have the relation
M [y] =
2n∑
k=0
Pk(a, b, A0, . . . , An, B1, . . . , Bn)Y
k−n (2.9)
In the case of nontrivial solutions of the equations for coefficients Ak (k =
0, . . . , n) and Bk (k = 1, . . . , n)
Pk(a, b, A0, . . . , An, B1, . . . , Bn) = 0, k = (0, . . . , 2n) (2.10)
3
we have special solution of equation (2.1) by the formula (2.6) where Y (z) is
general solution of equation (2.3).
In this manner the method applied allows us to look for exact solutions
of the origin equation (2.1). Note that our approach is the generalization
of a number methods to look for exact solutions of nonlinear differential
equations. For example using Bk = 0 (k = 1, . . . , n) in (2.6) and a = 0 in
(2.3) we have the tanh - function method as special case of our approach.
3 New exact solitary waves of
the Korteveg – de Vries – Burgers equation
Let us apply our approach to look for exact solutions of the the Korteveg –
de Vries – Burgers equation. This equation takes the form
ut + uux + β uxxx = αuxx (3.1)
Nonlinear evolution equation (3.1) describes nonlinear waves taking dis-
persion and dissipation into account. At ν = 0 and β 6= 0 we have the famous
Korteveg – de Vries equation from equation (3.1). The Causchy problem for
this equation can be solved by the inverse scattering transform [1]. In the
case β = 0 and ν 6= 0 we have the Burgers equation from equation (3.1)
that can be linearized by the Cole – Hopf transformation into the heat equa-
tion [16,17]. At β 6= 0 and ν 6= 0 equation (3.1) is not integrable one because
this one does not pass the Painleve test. However we are going to look for
exact solutions of this equation in this letter.
There is the special solution in the form of the solitary wave of equation
(3.1) at β 6= 0 and ν 6= 0 that was firstly found in [4]. Later this solution
was rediscovered time and again. However this exact solution has only one
arbitrary constant and this one is of limited usefulness.
Let us show that using our approach we can obtain more general solitary
waves.
Taking travelling wave into consideration
u(x, t) = y(z), z = x− C0t (3.2)
we have from equation (3.1)
C1 − C0y − α yz + β yzz +
1
2
y2 = 0 (3.3)
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We can see that general solution of equation (3.3) has the singularity
order equal two and we have to take n = 2 by formula (2.6). Therefore we
will look for exact solution of equation (3.3) in the form
y (z) = A0 + A1Y + A2Y
2 +
B1Yz
Y
+
B2Yz
2
Y 2
(3.4)
Taking equation (2.3) into account we have from equation (3.3)
y(z) = A0 + 2B1a+ 4B2a
2 − 2B2b+ (A1 − B1 − 4B2a) Y+
+ (A2 +B2) Y
2 +
B1b+ 4B2ab
Y
+
B2b
2
Y 2
(3.5)
Substituting (3.4) into equation (3.3) we have
B
(1)
2 = −12 β, B
(2)
2 = 0, (3.6)
Consider first case: B2 = B
(1)
2 = −12 β. We have
B1 = −
12
5
α + 24 β a (3.7)
A0 = −4 β a
2 + C0 +
1
25
α2
β
+
12
5
α a− 16 β b (3.8)
A1 =
4
5
α a2
b
− 24 β a−
8
5
α−
1
125
α3
bβ2
(3.9)
A
(1)
2 = 12 β, A
(2)
2 = 0 (3.10)
Assuming at the beginning A2 = A
(1)
2 = 12 β we find additionally
b = −
1
100
100 β2a2 − α2
β2
(3.11)
5
C1 =
1
2
C0
2 −
18
625
α4
β2
(3.12)
As the result of calculations we obtain special solutions of the Korteveg
- de Vries - Burgers equation in the form
y (z) = C0 − 12 β a
2 −
3
125 β2
(α− 10 β a) (α + 10β a)2 Y −1+
+
3
25
α2
β
−
12
5
α a−
3
2500 β3
(α− 10 β a)2 (α + 10 β a)2 Y −2
(3.13)
where Y (z) is determined by the formula
Y (z) = a+
α
10β
tanh
(
α
10β
(z − C2)
)
(3.14)
and Y (z) satisfies the equation
Yz + Y
2 − 2 aY +
1
100
100 β2a2 − α2
β2
= 0 (3.15)
Exact solitary waves (3.14) are new solutions of equation (3.3). They
have two arbitrary constants a and C2 and refer to the solitary waves in the
form of kinks.
Assuming B2 = B
(1)
2 and A2 = 0 we have relations
A1 = −
24α
5
, b =
α2
400 β2
, a = 0 (3.16)
C1 =
1
2
C20 −
18α4
625 β2
(3.17)
y(z) = C0 +
3
50
α2
β
−
12
5
α Y − 12 β Y 2 −
3
500
α3
β2Y
−
3
40000
α4
β3Y 2
(3.18)
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Where Y (z) is determined by the function
Y (z) =
α
20 β
tanh
(
α (z − C2)
20 β
)
(3.19)
Substituting solution (3.19) into (3.18) we have the new solution of the
Korteveg - de Vries - Burgers equation again but this solution is the singular
one.
y(z) = C0 +
3
50
α2
β
−
3
25
α2
β
tanh
(
α (z − C2)
20 β
)
−
−
3
25
α2
β
(
tanh
(
α (z − C2)
20β
))
−1
−
3
100
α2
β
(
tanh
(
α (z − C2)
20 β
))2
−
−
3
100
α2
β
(
tanh
(
α (z − C2)
20 β
))
−2
(3.20)
Consider case: B2 = 0. Now we have to obtain the known solution. After
calculations we find
B1 = 0, A2 = −12 β, A1 = 24 a β −
12
5
α (3.21)
A0 = C0 +
12
5
α a− 4 β a2 +
1
25
α2
β
+ 8 β b (3.22)
b = −
1
100
100 β2a2 − α2
β2
(3.23)
C1 =
1
2
C20 −
18α4
625 β2
(3.24)
Exact solution of the Korteveg - de Vries - Burgers equation is found by
the formula
y(z) = C0 +
12
5
α a− 12 β a2 +
3
25
α2
β
+
(
24 β a−
12
5
α
)
Y − 12 β Y 2
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(3.25)
Where Y (z) is determined by the function
Y (z) = a
1
10
α
β
tanh
(
1
10
α
β
(z − C2)
)
(3.26)
It is hoped that we have two arbitrary constants again but this is not
the case because substituting solutions (3.26) into (3.25) we obtain known
solution with one arbitrary constant in the form
y(z) = C0 +
3
25
α2
β
−
3
25
α2
β
(
tanh
(
α
10β
(z − C2)
))2
+
+
6
25
α2
β
tanh
(
α
10 β
(z − C2)
) (3.27)
The last solution is solitary wave in the form of kink with one arbitrary
constant at given β and ν. This solution was found in work [4] and rediscov-
ered more than once later.
4 Conclusion
Let us emphasize in brief the results of this work. In this paper we presented
new approach to look for exact solutions of nonlinear ordinary differential
equations that we called the simplest equation method. The idea of our
approach is to use simplest nonlinear equation with known general solution
in order to express special solution of nonlinear differential equation of higher
order. This method was applied to look for exact solitary waves of the
Korteveg - de Vries - Burgers equation. Application of our method allowed us
to find new exact solitary waves with two arbitrary constants of the Korteveg
- de Vries - Burgers equation.
5 Acknowledgments
This work was supported by the International Science and Technology Center
under Project No 1379-2.
8
References
[1] C.S. Gardner, J.M. Greene, M.D. Kruskal and R.R. Miura, Phys. Rev.
Lett., 19 (1967) 1095 - 1097
[2] R. Hirota, Phys. Rev. Lett., 27 (1971) 1192 - 1194
[3] J. Weiss, M. Tabor, G. Carnevalle, J. Math. Phys. 24, 1983, 522-526
[4] Kudryashov N.A., 1988, Journal of Applied Mathematics and Mekhan-
ics, 52, 361-365
[5] Conte R. and Musette M., J. Phys. A.: Math. Gen. 22, 1989, 169-177
[6] Musette M. and Conte R., Physica D, 181, 2003,70-79
[7] Kudryashov N.A., Phys Lett. A., 147, 1990, 287-291
[8] S.Y. Lou, G. Huang, H. Ruan, J. Phys. A.: Math. Gen., 24, 1991,
587-590
[9] Fan E. G., Phys Lett. A., 227, 2000, 212-218
[10] Elwakil S.A., Ellabany S.K., Zahran M.A. et al., 2002, Phys. Lett. A.,
299, 179 -188
[11] Kudryashov N.A., and Zargaryan E.D. J. Phys. A. Math. and Gen. 29,
1996, 8067-8077
[12] Z. Y. Yan, Phys. Lett. A 292, 2001, 100-106
[13] S.K. Liu, Z.T. Fu, S.D. Liu, Q. Zhao, Phys. Lett. A., 289, 2001, 69-74
[14] Kudryashov N.A., Phys Lett. A., 155, 1991, 269-275
[15] A.V. Porubov, J. Phys. A.: Math. Gen., 26, 1993, L707-L800
[16] E. Hopf, Commun. Pure and Appl. Math., 3, 1950, 201-230
[17] J.D. Cole, Quart. Appl. Math., 9, 1951, 225-236
9
